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ABSTRACT
The large separations between the oscillation frequencies of solar-like stars are measures of
stellar mean density. The separations have been thought to be mostly constant in the observed
range of frequencies. However, detailed investigation shows that they are not constant, and
their variations are not random but have very strong diagnostic potential for our understanding
of stellar structure and evolution. In this regard, frequencies of the minimum large separation
are very useful tools. From these frequencies, in addition to the large separation and frequency
of maximum amplitude, Yıldız et al. recently have developed new methods to find almost all
the fundamental stellar properties. In the present study, we aim to find metallicity and helium
abundances from the frequencies, and generalize the relations given by Yıldız et al. for a wider
stellar mass range and arbitrary metallicity (Z) and helium abundance (Y ). We show that the
effect of metallicity is significant for most of the fundamental parameters. For stellar mass, for
example, the expression must be multiplied by (Z/Z⊙)0.12. For arbitrary helium abundance,
M ∝ (Y/Y⊙)
0.25
. Methods for determination of Z and Y from pure asteroseismic quantities
are based on amplitudes (differences between maximum and minimum values of ∆ν) in the
oscillatory component in the spacing of oscillation frequencies. Additionally, we demonstrate
that the difference between the first maximum and the second minimum is very sensitive
to Z . It also depends on νmin1/νmax and small separation between the frequencies. Such a
dependence leads us to develop a method to find Z (and Y ) from oscillation frequencies. The
maximum difference between the estimated and model Z values is about 14 per cent. It is 10
per cent for Y .
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1 INTRODUCTION
Determination of fundamental stellar properties is required in many
sub-fields of astrophysics. In this regard, the promise of astero-
seismology is very important, in particular for solar-like oscillat-
ing stars. Most of the oscillations, at least for main-sequence (MS)
stars, are acoustic pressure waves and their frequencies depend on
sound speed throughout stellar interior. Sound speed, however, de-
pends on the first adiabatic exponent Γ1, which is very low in the
He II ionization zone. The He II ionization zone of the solar-like
oscillating stars is not too shallow, and its upper and lower borders
coincide with the nodes of certain modes. It has so significant effect
on the oscillation frequencies that one can infer basic properties of
such stars from these frequencies. The present study develops new
methods for this purpose.
Solar-like oscillating stars have such regular oscillation fre-
quencies (ν) that the frequency of a mode linearly depends on its
⋆ E-mail: mutlu.yildiz@ege.edu.tr
order n and degree l. This dependence is known as the asymptotic
relation. According to this idea, the frequencies of modes with ad-
jacent orders and the same l are evenly spaced by the so-called
large separation, ∆ν = νnl − νn−1,l. In reality, however, there are
some deviations from this simple relation, and these variations lead
us to discover parameters related to stellar structure and evolution.
For this purpose, Yıldız et al. (2014; hereafter Paper I) introduce
two new reference frequencies νmin1 and νmin2, which are the fre-
quencies at which the large separations between the oscillation fre-
quencies are minimum. In Paper I, new expressions for fundamen-
tal stellar properties, such as stellar mass (M ), radius (R), surface
gravity (g), luminosity (L), effective temperature (Teff ) and age (t),
are derived from the interior models of 0.8-1.3 M⊙ with solar com-
position. The present study aims to generalize these expressions for
the wider mass range (1.0-1.6 M⊙ ) than this range and to test the
effects of the metallicity (Z) and helium abundance (Y ) on these
relations. We also try to determine Y and Z from the oscillation
frequencies, at least for interior models.
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The frequencies of MS models are used in deriving expres-
sions for age and other quantities. For sub-giants and giants, these
relations must be tested.
This paper is organized as follows. In Section 2, we make gen-
eral considerations about the reference frequencies. Section 3 is de-
voted to generalizing the relations obtained in Paper I for wider
mass range and arbitrary metallicity and helium abundance. We
present the sensitivity of the adiabatic oscillation frequencies to the
metallicity and helium abundance, and new methods for determina-
tion of Y and Z from oscillation frequencies in Section 4. Finally,
in Section 5, we draw our conclusions.
2 GENERAL CONSIDERATIONS
The asteroseismic parameters that can be extracted from oscilla-
tion frequencies and related to the stellar parameters are ∆ν, the
frequency of the maximum amplitude (νmax), and small separa-
tion between the oscillation frequencies (δν02 = νnl − νn−1,l+2).
Brown et al. (1991) give νmax as (see also Kjeldsen & Bedding
1995)
νmax ∝
M
R2
T
−1/2
eff
. (1)
In addition to these parameters, we introduce νmin1 and νmin2.
Their ratio to νmax gives us the stellar mass:
νmax = 1.188νmin1
M⊙
M
= 1.623νmin2
M⊙
M
(2)
where the numeric values 1.188 and 1.623 come from the ratio
νmax⊙/νmin1⊙ and νmax⊙/νmin2⊙, respectively. If we insert
equation (2) in equation (1), expression for νmin1 and νmin2 in
terms of fundamental stellar parameters is derived as
νmin1 ∝ νmin2 ∝
M2
R2
T
−1/2
eff
. (3)
Equation (3) is valid at least for the models with solar values and
mass ranging from 0.8 M⊙ to 1.3 M⊙ presented in Paper I.
Stellar parameters change with chemical composition. There-
fore, one can expect that νmax is also a sensitive function of Z and
Y , and thus equation (1) will need to be modified to take these ef-
fects into account. For the relations derived in Paper I, it is also
important to understand how the other asteroseismic quantities are
influenced by change in Z and Y (see Section 3.2).
Inference of the solar helium surface abundance (Ys) from
high degree (l > 40) oscillation frequencies of the Sun is the sub-
ject of many studies. Basu & Antia (1995), for example, give Ys
as 0.25 ± 0.01. Unfortunately, high degree oscillations are not ob-
servable for other stars. Houdek & Gough (2007) confirm that the
amplitude of the second difference of the frequencies depends on
the helium abundance. Recently, Verma et al. (2014) find helium
abundances from Kepler data for 16 Cyg A and B. In Paper I, we
have used the frequencies at which ∆ν is minimum for determi-
nation of stellar parameters. In the present study, however, we use
the difference between the maximum and minimum values of ∆ν
for determination of helium abundance (see Section 4.1). A similar
approach may also lead us to develop a new method for inference
of metallicity from oscillation frequencies.
3 GENERAL RELATIONS FOR STELLAR
PARAMETERS FROM ASTEROSEISMIC QUANTITIES
In this study, as in Paper I, the stellar interior models with so-
lar chemical composition are constructed by using the ANK˙I code
(Ezer & Cameron 1965; Yıldız 2011). The solar chemical compo-
sition is taken as X = 0.7024, Y = 0.2804 and Z = 0.0172.
The adiabatic oscillation frequencies of these models are com-
puted by ADIPLS (Christensen-Dalsgaard 2008). In this section,
we test if the relations derived in Paper I are also valid for 1.3
M⊙ < M 6 1.6 M⊙ and arbitrary Z and Y .
Both of the minima do not appear in all the models within the
mass range we deal with. For example, the second minimum is not
seen in the oscillation frequencies of the models with M < 1.0
M⊙ (see table 1 of Paper I) while the first minima disappears in
some models within the upper mass range of 1.3-1.6 M⊙. There-
fore, our present analysis is based on the frequency of the second
minimum of the models with mass range 1.0-1.6 M⊙.
3.1 Expressions for stellar parameters for the mass range
1.0-1.6 M⊙
In Paper I, the expressions for stellar mass in terms of νmax and
one of νmin1 or νmin2 are derived from the interior models for
the mass range 0.8-1.3 M⊙. For the Sun, νmax⊙ = 3050 µHz is
higher than both νmin1⊙ = 2555.18 µHz and νmin2⊙ = 1879.52
µHz. For 1.2 M⊙ models with solar composition νmax is equal
to νmin1. For the models with 1.2 M⊙ < M < 1.45 M⊙,
νmin2 < νmax < νmin1. And, νmin2 > νmax for the mod-
els with M > 1.45 M⊙ (see Fig. 2). Oscillation amplitudes of
these models with frequencies around νmin2 are greater than that
of around νmin1. M2 is the mass computed from νmin2 (see equa-
tion 10 of Paper I), M2/M⊙ = 1.623νmin2/νmax. In Fig. 1, M2
withXc = 0.17, 0.35, 0.53 and 0.7 is plotted with respect to model
mass. The model mass and mass found from the ratio of frequen-
cies are in very good agreement for M < 1.3 M⊙. For higher-
mass models, however, a deviation occurs. Here, we obtain a rela-
tion between mass and the frequency ratio νmin2/νmax for the range
M = 1.3-1.6 M⊙ of
M
M⊙
= (0.462
νmin2
νmax
− 0.356)0.74 + 1.254. (4)
We note that the mass still is found from the same frequency ratio
νmin2/νmax. The reason for the deviation of mass from the expres-
sion given in equation 10 of Paper I is due to change in properties
of νmin2 for relatively higher masses. In Fig. 2, νmin2, νmin1 and
νmax of models are plotted with respect to model mass. νmax grad-
ually decreases from 2600 to 1000 µHz as model mass increases.
νmin2 and νmin1, however, decrease in the low-mass range (1.0-
1.4 M⊙) and increase in the high-mass range (1.4-1.6 M⊙). There
is a minimum for νmin2 of about 1.4 M⊙. Therefore, the ratio
νmin2/νmax does not directly give mass. If M > 1.3 M⊙, the
method for computation of stellar mass can be still based on this
ratio. First, we can compute stellar mass from equation 10 of Paper
I. If the mass is greater than 1.3 M⊙ , then we use equation (4).
The maximum difference between the mass computed from equa-
tion (4) and model mass for M > 1.3 M⊙ is less than 0.025 M⊙,
as in Paper I. More realistic error analysis than this can be made in
terms of uncertainties in observed frequencies and will be given in
our third paper of this series.
The expressions for other stellar parameters given in Paper I
must also be tested for the mass range 1.3-1.6 M⊙. For radius, we
obtain
R
R⊙
= 1.024
(
νmin2
νmin2⊙
)0.09(〈∆ν⊙〉
〈∆ν〉
)0.83
, (5)
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Fundamental properties from frequencies 3
0.8
1
1.2
1.4
1.6
1.8
2
1 1.1 1.2 1.3 1.4 1.5 1.6 1.7
M2(M⊙)
Mmod(M⊙)
••
••
•
•
• ••
•• •
•••
• •
•••
••
•
••
•
•
•
•
•
••
•
••
•
•
••
Figure 1. M2/M⊙ = 1.623νmin2/νmax with respect to model mass for
Xc = 0.17, 0.35, 0.53 and 0.7.
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Figure 2. νmax (circles), νmin1 (filled circles) and νmin2 (boxes) with
respect to model mass, for Xc = 0.17.
where 〈∆ν〉 is the mean of ∆ν. In Fig. 3, radii computed by us-
ing equation 17 of Paper I and equation (5) are plotted with re-
spect to model radii. The radii computed from equation (5) are in
very good agreement with model radii. The difference between
these two radii is mostly less than 2 per cent. For the models with
M > 1.3 M⊙, a slight difference appears between model radius
and radius from equation 17 of Paper I.
We want to check if expressions for L and t for the mass range
0.8-1.3 M⊙ , given in equations 20 and 22 of Paper I, respectively,
are also valid for the range 1.3-1.6 M⊙. We have obtained an ex-
pression for luminosity for the entire range 1.0-1.6 M⊙, but that
expression has very high departure from the model values for the
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Figure 3. Asteroseismic R with respect to model radius. The open circles
show the radii computed from equation 17 of Paper I and the filled circles
are for the radii from equation (5). The radii from these equations are very
close but equation (5) is in better agreement with the radii of models with
M > 1.3 M⊙ .
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Figure 4. The asteroseismic luminosity with respect to model luminosity.
Equation 20 of Paper I and equation (6) are used for the models with M 6
1.30 M⊙ (circles) and M > 1.30 M⊙ (filled circles), respectively.
lower part of the range, about 20 per cent. Therefore, we derive a
separate expression for the range 1.3-1.6 M⊙:
L
L⊙
= 2.016
(
νmin2
νmin2⊙
)1.3 〈∆ν⊙〉
〈∆ν〉
νmax⊙
νmax
− 0.456. (6)
The agreement between the estimated and model luminosities is
shown in Fig. 4. For the estimated luminosity, equation 20 of Paper
I is used if M 6 1.3 M⊙ and equation (6) is employed if M > 1.3
c© 2013 RAS, MNRAS 000, 1–8
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Figure 5. Age inferred from asteroseismic quantities is plotted with respect
to model age. For the asteroseismic age of models with M 6 1.30 (circles)
and M > 1.30 (filled circles), equation 22 of Paper I and equation (7) are
used, respectively.
M⊙. The difference between the estimated and model luminosities
is mostly less than 8 per cent. We do not derive a separate fitting
curve for Teff since Teff can easily be obtained from L and R. For
alternative expressions, see equations (12) and (13).
Equation 22 for age in Paper I is valid for masses up to 1.30
M⊙. The estimated ages for the models with 1.35-1.6 M⊙ start to
deviate from the model ages. For the mass range M > 1.30 M⊙,
we derive expression for age as
t(Gyr) =
4.79
(
1.16 − 〈δν02〉〈
δν
02⊙
〉
)
(
νmin2νmax⊙
νmin
2⊙νmax
)2.7 , (7)
where 〈δν02〉 is the mean of δν02. In Fig. 5, the ages computed from
equation 22 of Paper I and equation (7) are plotted with respect to
model ages. In Paper I, the difference between the estimated and
model ages is given as less than 0.5 Gyr. In the present study, the
maximum difference between the age from equation (7) and model
age for the range M > 1.30 M⊙ is about 0.4 Gyr.
3.2 Effects of chemical composition
In Paper I, we have used solar chemical composition in the con-
struction of the stellar interior models and the relations between as-
teroseismic and non-asteroseismic quantities are derived from these
models. In this paper, stellar models with a variety of chemical
compositions are employed. The mass range of these models is 1.0-
1.3 M⊙. The ranges of initial metallicity and helium abundance are
0.0172–0.0322 and 0.2404–0.3204, respectively.
3.2.1 Effects of metallicity
Metallicity strongly influences structure and evolution of stars, and
consequently asteroseismic properties. Luminosity among the non-
asteroseismic quantities is the most influenced parameter by Z and
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Figure 6. R computed from equation (5) is plotted with respect to Rmod
for different metallicities. The upper solid line is the fitted line for Z =
0.0172 and the lower dotted line is for Z = 0.0322. The other lines be-
tween them are for the intermediate values of Z .
Y . It decreases as metallicity increases, while radius slightly dimin-
ishes, in the range we consider. This implies that effective temper-
ature also decreases. Then, we confirm from equation (1) that there
is a direct relation between νmax and Z. The effect of metallicity
on the relation for stellar mass can be given as
M
M⊙
=
νmin2
νmin2⊙
νmax⊙
νmax
(
Z
Z⊙
)0.12
. (8)
The same equation also holds for νmin1. Equation (8) is more pre-
cise than equation 23 in Paper I, in which the power of (Z/Z⊙) is
found to be roughly 0.1. These equations are derived for the first
time. The Z dependence in equation (8) is not large. For a metal
rich star, say Z = 2Z⊙, the effect is about 9 per cent. However, for
stellar mass such an effect is very significant.
Radii computed by using equation (5) are plotted with respect
to model radii in Fig. 6. The slope slightly changes with Z: it de-
creases as Z increases. Equation (5) for radius for solar metallicity
is generalized for arbitrary Z as
R
R⊙
= a(Z)
(
νmin2
νmin2⊙
)0.13(〈∆ν⊙〉
〈∆ν〉
)0.87
+ b(Z), (9)
where
a(Z) = 0.210
(
Z
Z⊙
)
+ 0.783 (10)
and
b(Z) = −0.019
(
Z
Z⊙
)3.32
+ 0.011. (11)
Radii computed from equation (9) are plotted with respect to model
radii in Fig. 7. The agreement is very good for the full range of
Z = 0.0172-0.0322.
One of the very important relations obtained in Paper I is the
one between Teff and ∆nx1, defined as (νmax − νmin1)/∆ν (see
fig. 6 in Paper I). We consider if this relation varies with Z. In
c© 2013 RAS, MNRAS 000, 1–8
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Figure 7. R computed from equation (9) is plotted with respect to Rmod
for different metallicities.
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Figure 8. Teff with respect to∆nx1 for different metallicities. The thin and
thick solid lines are the fitting curves for Z = 0.0172 and Z = 0.0322,
respectively.
Fig. 8, Teff is plotted with respect to ∆nx1 for the models with the
metallicities Z = 0.0172, 0.0222, 0.0272 and 0.0322. The re-
lation is significantly influenced by the metallicity. Effective tem-
peratures of two models with the same ∆nx1 but different Z are
different. The difference for the models with Z = 0.0172 and
Z = 0.0322, for example, is about 250 K.
We obtain expression for Teff as a function of Z and ∆nx1 as
Teff(Z,∆nx1)
Teff⊙
= 1.232−0.05
(
Z
Z⊙
)
−8.80 10−4(∆nx1+11)
2.
(12)
The maximum difference between Teff from equation (12) and
model Teff is mostly less than 100 K. Similarly, we derive an al-
ternative expression for Teff in terms of ∆nx2, defined as (νmax −
νmin2)/∆ν:
Teff(Z,∆nx2)
Teff⊙
= 1.275−0.061
(
Z
Z⊙
)
−6.06 10−4(∆nx2+6)
2.2.
(13)
These two expressions (equations 12 and 13) for Teff are very
important for determination of stellar parameters from oscillation
frequencies. They can be used to check how precise is Teff found
by conventional methods. If observational Teff is precisely deter-
mined, then one can obtain metallicity from these relations. The
difference between two curves in Fig. 8 for a given ∆nx1 is about
250 K. The metallicity difference for the models represented by
these curves is 0.0150. This implies that we can find Z with an un-
certainty of ∆Z = 0.015 if uncertainty in Teff is 250 K. However,
if ∆Teff= 100 K, for example, ∆Z = 0.006.
For some solar-like oscillating stars, only one minimum ap-
pears in the ∆ν-ν diagram. In order to use asteroseismic relations
for determination of fundamental stellar parameters, we must find
out whether the seen minimum is min1 or min2 (see Fig. 12). If
Teff and Z of a given star are known, then we can overcome this
problem again by using equations (12) and (13). However, role of
the convective parameter α must also be tested.
The mass of the convective zone (MCZ) significantly depends
on metallicity. The generalized form of MCZ/M⊙ = 0.066∆nx1
(see fig. 6 of Paper I) is
MCZ
M⊙
= (0.225Z + 0.0027) ∆nx1 + 0.627Z − 0.011 (14)
for arbitrary Z. MCZ is directly proportional to Z, as expected.
3.2.2 Effects of helium abundance
All of the models used in analysis of the metallicity effect are con-
structed with the helium abundance Y = 0.2804. In order to test
influence of helium abundance on various asteroseismic relations,
we also obtain models with Y = 0.2404, 0.2604, 0.2804, 0.3004
and 0.3204. Teff -∆nx1 and Teff -∆nx2 relations do not depend on
Y . For stellar mass, we confirm that there is a moderate Y depen-
dence:
M
M⊙
=
νmin2
νmin2⊙
νmax⊙
νmax
(
Y⊙
Y
)0.25
. (15)
Mass computed from equation (15) is plotted with respect to model
mass in Fig. 9. Although the data are scattered, the models are pop-
ulated around the MY = Mmod line. This implies that scaling
relation also depends on helium abundance. Thus, in order to find
stellar mass and radius from asteroseismic quantities we also need
the helium abundance. Therefore, we either have to assume that
the helium abundance does not vary much from star to star or find
a new method for determination of the helium abundance (see Sec-
tion 4.1).
If we combine equations (8) and (15), then the seismic mass is
proportional to (Z/Z⊙)0.12(Y/Y⊙)0.25. Note especially that the
power of Y is twice the power of Z. The effect of metallicity on
stellar mass is in general more important than that of Y , because
range of Z/Z⊙ is much greater than Y/Y⊙.
Equation (5) for radius is not sensitive to Y and therefore it
can also be used for models with any helium abundance different
from Y⊙.
c© 2013 RAS, MNRAS 000, 1–8
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Figure 9. MY given in equation (15) with respect to model mass for the
models with solar metallicity and Y0 = 0.3204, 0.3004, 0.2804, 0.2604
and 0.2404.
4 DETERMINATION OF CHEMICAL COMPOSITION
FROM OSCILLATION FREQUENCIES
The sound speed in a stellar interior is a function of the first adi-
abatic exponent Γ1, pressure (P ) and density (ρ): c =
√
Γ1P/ρ.
The local values of Γ1 in the He ionization zones, however, de-
pend on the He (or H) abundance and influence the spacing of
oscillation frequencies. The amplitude of the oscillatory compo-
nent in the spacing is determined by the He abundance (Houdek &
Gough 2011). Similar correlation can be sought for metallicity. In
the present section, we plot ∆ν − 〈∆ν〉 with respect to n for in-
terior models with different chemical composition and try to find
relations between amplitudes and chemical abundances.
4.1 Determination of helium abundance from oscillation
frequencies
Determination of helium abundance from the second difference of
oscillation frequencies is extensively discussed in several papers
(see, e.g. Miglio et al. 2010; Mazumdar et al. 2014). Due to the
effect of the He II ionization zone on the sound speed, helium (or
hydrogen) abundance influences the spacing between the oscilla-
tion frequencies. We plot ∆ν − 〈∆ν〉 with respect to n for the
interior models with the same input parameters but helium abun-
dance. In general, two maxima and two minima are seen in such
a graph. We already call the minima with the higher frequency (or
order) as min1 and the lower one as min2. In a similar manner, we
define max1 and max2 (see Fig. 12). We confirm that the amplitude
between min1 and max2 (AY ) is a function of helium abundance.
This is shown in Fig. 10, in which ∆ν − 〈∆ν〉 is plotted with re-
spect to order n. The frequencies are from three 1.0 M⊙ models
withZ = 0.0172 andXc = 0.17, but different helium abundances.
Their helium abundances are Y = 0.2804, 0.3004 and 0.3204.
The highest amplitude occurs for the model with Y = 0.3204. AY
gradually increases as Y increases. This dependence has a diag-
nostic potential for determination of helium abundance. However,
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Figure 10. ∆ν − 〈∆ν〉 of 1.0 M⊙ models with Xc = 0.17 and different
initial helium abundances (Y = 0.2804, 0.3004 and 0.3204) is plotted with
respect to n. The vertical arrows represent the amplitudes AY . We notice
that amplitude depends on Y . It increases as helium abundance increases.
The highest one (the longest arrow) is for Y = 0.3204. The asterisks,
filled circles and open circles are for Y = 0.2804, 0.3004 and 0.3204,
respectively.
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Figure 11. Estimated Yest by using equation (16) with respect to model
Ymod. The solid line is for Yest = Ymod. The upper and lower dotted lines
are for Yest = 1.1Ymod and Yest = 0.9Ymod, respectively.
AY is not only a function of Y but also ∆ν, M (or νmin1/νmax )
and 〈δν02〉. Using the models with Y = 0.2404, 0.2604, 0.2804,
0.3004 and 0.3204, and M = 1-1.3 M⊙, we derive an expression
for Y as
Y = 10.74
AY
∆ν
(
M⊙
M
)1.5
+ 0.0034 〈δν02〉+ 0.071. (16)
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The estimated Y by using equation (16) is plotted
with respect to model Y in Fig. 11. There is a good agree-
ment between estimated and model Y values. The maximum
difference between the estimated and model helium abundances is
about 10 per cent. Equation (16) can be used to estimate helium
abundance of Kepler and CoRoT target stars.
Since helium abundance in the He II ionization zone moder-
ately changes due to microscopic diffusion, equation (16) does not
directly give us initial helium abundance if age is not very small.
The value we find is the present value of Y , and it can be used as
a constraint during calibration of interior models. However, there
is significant difference between AY of the Sun and solar model.
While AY of the Sun is about 3 µHz, it is about 2 µHz for the so-
lar models. The so-called near-surface effects may influence AY . If
the oscillation frequencies are corrected by using the method given
by Kjeldsen, Bedding & Christensen-Dalsgaard (2008), we obtain
AY = 2.3 µHz. Although the near-surface effects decrease the dis-
crepancy between observed and model values, the remaining part
is still significant. Consideration of Kepler and CoRoT stars is
required if this problem can be solved by a simple method based
on calibration approach.
4.2 Determination of metallicity from oscillation frequencies
The effect of metallicity on the amplitude is much stronger if we
take the amplitude between max1 and min2. This fact is sketched
in Fig. 12 in which ∆ν − 〈∆ν〉 is plotted with respect to order
n for 1.25 M⊙ models with Xc = 0.35 and different Z values.
The first maximum (in the right part of Fig. 12) and the second
minimum (in the left part) are significantly sensitive to metallicity.
The difference between max1 and min2 (AZ) varies very rapidly
as Z changes. It is slightly less than 4 µHz for Z = 0.0172 and
about 2 µHz for Z = 0.0222. It is very small for Z = 0.0322
(about 0.5 µHz) and becomes negative for some higher values of
Z. The amplitude AZ is not only function of Z but also M (or
νmin1/νmax) and 〈δν02〉:
AZ = 3.606
M
M⊙
Z⊙
Z
+1.345
M
M⊙
−0.141 〈δν02〉−2.105. (17)
From equation (17), we take Z/Z⊙ to the left-hand side and
find an expression for Z in terms of asteroseismic quantities as
Z
Z⊙
=
3.606(M/M⊙)
AZ − 1.345(M/M⊙) + 0.141 〈δν02〉+ 2.105
. (18)
In Fig. 13, estimated metallicity given in equation (18) is plotted
with respect to model metallicity. The agreement between these two
metallicities is very good. The maximum difference between the
two metallicities is about 14 per cent.
For 1.0 M⊙ models with Z > 0.0322, the second minimum
disappears. This implies that, at least for MS stars, if the second
minimum of a star is not observed then either its mass is less than
0.9 M⊙ (see table 1 of Paper I) or its metallicity is higher than
0.0322.
5 CONCLUSION
In Paper I, we have found new reference frequencies from the os-
cillation frequencies and derived new relations between asteroseis-
mic quantities and all the fundamental stellar parameters. These
relations are based on interior models for the mass range 0.8-1.3
M⊙ with the solar composition. In this study, the mass range is
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Figure 12. ∆ν −〈∆ν〉 of 1.25 M⊙ models with Xc = 0.35 and different
metallicities (Z = 0.0172, 0.0222 and 0.0322) is plotted with respect to
n. The amplitude is defined by the vertical arrows. It strongly depends on
Z . It decreases as metallicity increases. The amplitude is very small for the
model with Z = 0.0322.
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Figure 13. Estimated Zest by using equation (18) with respect to model
Zmod. The solid line is for Zest = Zmod. The upper and lower dotted
lines are for Zest = 1.14Zmod and Zest = 0.86Zmod, respectively.
extended to 1.6 M⊙ and obtain new relations for arbitrary Z and
Y .
For the mass range M > 1.3 M⊙, the expressions given in
Paper I are not valid any more and therefore we derive new relations
for M , R, L, Teff , MCZ and t.
Metallicity also affects stellar structure and evolution signif-
icantly, and consequently affects oscillation frequencies. The de-
rived relations are in general different for different Z. We develop
new relations valid for arbitrary Z. The relation between Teff , Z
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and ∆nx1 (equation 12) is in particular very useful and can be em-
ployed to determine of any of these quantities. We also obtain a
similar relation for ∆nx2 (equation 13).
The relations between asteroseismic and non-asteroseismic
quantities are in general less sensitive to helium abundance in com-
parison with metallicity. However, the relation for mass is signifi-
cantly changed by Y . We find that estimated mass is inversely pro-
portional to Y 0.25 (equation 15).
We also develop new methods for determination of Y and Z
from oscillation frequencies. We plot ∆ν − 〈∆ν〉 with respect to
n for interior models with the same input parameters but Y or Z.
These methods are based on the amplitudes in such diagrams. Use-
fulness of these methods will be clear when they are applied to the
Kepler and CoRoT targets. The difference between model and
estimated Z (equation 18) values is about 14 per cent at most. This
difference is about 10 per cent for Y .
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